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An Abstract Variational Theorem

Let (X, || - ||) be a Banach space and f: X — R U {oo} be a proper function.
Then the Fenchel conjugate of f is the function f*: X* — RU {oc} defined by,

@) = swp{(a* — f)() @ € X},
In this article we will prove a theorem more general than the following.

Theorem: Let f: X — RU{oc} be a proper function on a Banach space (X, || -
|l). If there is a nonempty open subset A of Dom(f*) such that argmax(z* —
f) # @ for each z* € A, then there is a dense and Gy subset R of A such
that (z* — f): X — R U {—o0} has a strong maximum for each z* € R. In
addition, if 0 € A and 0 < ¢ then there is an «* € X* with ||z*|| < € such that
(z* — f): X = RU{—o0} has a strong maximum.
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